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We examine in this short note the nature of the functions solving min{~~f~ls; 
f~ Tn > llfllm = 11, w h ere T, is the class of trigonometric polynomials of degree 
<n on [0,27rJ, and 1 < p < 00. The corresponding minimum problem for 
algebraic polynomials, originating with Louboutin [3], was treated in [l]. The 
distinction of these two classes is that the minimum problems can be transformed 
into a more managable form thanks to the invariance of the classes with respect 
to linear transformations and translations, respectively. 
For a nontrivialfE CIO, 27~1 we define Ilfll,/jjfllm to be theL,,,-distortion off. 
With this terminology, our problem is the characterization of the trigonometric 
polynomials of degree <n of least&,,- distortion. We also show that the behavior 
of the minimal L,,, -distortion for trigonometric polynomials is different from 
the corresponding one for algebraic polynomials. 
LetJ be a function of T, for which the minimum is attained (it is attained for 
some function, by compactness). With no loss of generality we may assume that 
p(O) = 1 (by periodicity). Hence, the original minimum problem is equivalent 
to mi~NfllD;f~-%‘~ where A’ = {f;f~ T, , llfllm = Lf(o) = 11. 
We introduce now the class A, = {f; f E T, , f(0) = l}, and observe that if f 
is a solution of 
mWlls;f~ 4, (1) 
then it belongs to the smaller class A,‘. Indeed, assume that $ is an extremal 
function for A, , and that there exists a point t, such that f(t,,) > 1. Then 
j(t) =j(t, - t)/f”(t,), belongs to A, , so that 
contradicting the minimality property ofj. 
We conclude that the original minimum problem is equivalent to (l), so that 
we deal with the latter. 
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THEOREM 1. Let f be a function of A, . Necessary and suficient conditions for f 
to be an extremal function for (1) are 
I 
ozr [sgn f (t)] 1 f 1P-l sin kt dt = 0, k = I,..., n, (24 
J ozT [sgnf(t)] j f [P-l [cos kt - I] dt = 0, k = l,..., n. WI 
Proof. (a) Assume that f is an extremal function and define 
ff2d4 = IIf + E sin kt IIp , HZ&) = 11 f + <(cos kt - l)lj, , k = I,..., n. 
Note that f + E sin kt, f + l (cos kt - 1) belong to rl, for all k and all E. Hence, 
z&(E), i = l,..., 2n, attains its minimum for E = 0, implying that, for p > 1, 
H,‘(O) = 0 for all i. These are conditions (2). The standard modification 
establishes (2) for p = 1. 
(b) This part follows a standard procedure. Suppose f E (1, satisfies (2), 
and let g be an arbitrary function of A, . Then f - g vanishes at 0, and thus is a 
linear combination of {sin kt, 1 - cos kt}: , so that 
s ozr IfWl” dt 
= 
.c f” If W'-lf (4 wf (t) dt 
= 12T If (t)l”-’ [f(t) - &)I wf(t) dt + 6’ If (t)lP-lg(t) sgnf (t) dt 
=s 02v If(tIp-'g(t) wf(t) dt. 
The last equality follows from (2). Using now Hijlder’s inequality for the 
last expression, we have 
1 
-1 
2?r 
2i-r 0 
If(t>l” dt < L [ 2rr Iv 1 f (t)j’p-l)g dt]“’ [&I” I g(t)/” dt]? 
Noting that (p - 1) 4 = p and 1 - l/q = l/p, we obtain Ijflj, < I/g lj2,. 
Q.E.D. 
For the proof of uniqueness for p = 1 we need the following simple observa- 
tion, which we set forth as a lemma. 
LEMMA 1. The system {sin kt, cos kt - l}& is a Tchebycheff system on 
(0,27r). The system {cos kt - l}ES1 is a Tchebychefl system on (0, n). 
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Proof. Every linear combination xi==, a, sin kt + 6,(cos kt - 1) vanishes 
at t = 0. Since (1, cos kt, sin At};=1 is a Tchebycheff system on [0,27r) the 
above linear combination can have no more than 2n zeros in [0,2n). Combining 
these facts, we conclude that no linear combination of functions from our 
system have more than 2n - 1 zeros in (0,27r). The other statement follows by a 
similar argument. Q.E.D. 
PROPOSITION 1. Let f be an extremal function in A, . Then it must have 2n 
simple zeros in (0,2n). 
Proof. This consequence of (2) is proved by using Lemma 1 and by some- 
what modifying the classical proof involving complete Tchebycheff systems 
[2, p. 4101. Explicitly, assume 0 < t, < *.* < tj < 2n, j < 2n, are all the 
points of sign change off in (0,257). W e construct now a linear combination 
u(t) of {sin ht, cos ht - l}bl p ossessing sign changes at t, ,..., tj and nowhere 
else in (0, 2~). Th is is possible due to a slightly modified version of a theorem of 
Krein (see [2, p. 281). W e may thus assume that u agrees in sign with f every- 
where in (0,2~). Hence 
s f [sgnf(t)] 1 f(t)l”-l u(t) dt > 0. 
This is inconsistent with (2), showing that j < 2n is untenable. 
THEOREM 2. For all p > 1, the extremal function in A, , i.e., the function 
with least L,,,-distortion, is unique. 
Proof. For p > 1, the norm is strictly convex, and the set A, is convex, so 
that uniqueness is immediate. For p = 1, let f and g” be two extremal functions 
in A, . Then f(O) = g”(O) = [f(O) + j391/2. Hence, II i? II1 + llfll~ = llf + g’ II1 .
This is possible only if f and 2 have the same signs everywhere. Hence, they 
must vanish at the same 2n points in (0,2n). Since they coincide also at 0, they 
must be identical. Q.E.D. 
COROLLARY 1. The unique extremal function in A, is symmetric about x = R-; 
thus, it is a cosine polynomial, and it has n simple zeros in (0, r). 
We proceed now to obtain an explicit expression for the extremizing function 
for p = 2, and some further properties for the general case. 
THEOREM 3. The function with least L,,,-distortion in A,’ is given by 
!&I = & + & g1 cos ht = & si??(;2;) t; (3) 
i.e., it is a multiple of the Dirichlet function. 
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Proof. A straightforward computation shows that for j >, 1 
+ 2% + 1k=l “--f cos kt 1 [l - cosjt] dt = 0, 
while conditions (2a) are trivially satisfied. Q.E.D. 
Remark. This result could also be proved directly, by using the convolution 
with Dirichlet’s kernel, which preserves the class T, . 
&Making use of the explicit expression, we easily deduce the following result. 
COROLLARY 2. The zeros of g, and g,, in (0, Z-) strictly interlace. 
While we have not been able to obtain an explicit expression for any p # 2, 
we can prove the interlacing property for all p > 1. 
THEOREM 4. Let S,., be the function in A,’ with minimal L,,,-distortion. 
The zeros of S,,, and S,,,,, in (0, v) strictly interlace. 
Proof. Using relations (2) and Corollary 1, we have 
s 
a [sgn S,,,(t)] 1 SnJt)j"-l (cos kt - 1) dt = 0, k = l,..., n (4) 
0 
with a similar relation holding for A’,,,,, . 
Note that since S,,,(t) is a cosine polynomial with S,,,(O) = 1, we have 
S,,,(t) = 1 - C: q(cos jt - 1). Thus SnJt) can be considered as the error 
function in the best approximation of 1, in the L,-norm, from [cosjt - l]j”=r .
Since 1 - Cy &(cos jt - 1) can have at most n zeros in (0, r) (counting multi- 
plicities) for any choice of the &‘s, our result follows by invoking a theorem of 
[4] on the interlacing properties of the zeros of the error functions in L,-appro- 
ximation. Q.E.D. 
Remark. Note that in the trigonometric case, unlike the algebraic case, 
there is no interlacing of the 2n zeros present in (0,27r), but instead of the n zeros 
in (0, x). 
We finally turn our attention to bounds for the least L,,,-distortion of trigono- 
metric polynomials. We start with p = 2, where the exact value is readily 
computable in view of the explicit expression (3), viz., 
THEOREM 5. The minimal L,,,- distortion for trigonometric polynomials of 
degree <n equals (2n + 1)-1/2. 
Remark. This conforms to the estimate of the order of decrease given by 
Szegij and Zygmund [5]. This conformity holds true for the estimates in Theo- 
rem 6 as well. Our bounds are more precise and explicit. 
409/6'/Z-9 
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PROPOSITION 2. Let R, be a function of least L,,,-distortion in A,+ = 
A, n {f; f > 0). Then R, is unique. Moreover, it is a cosine polynomial with 2n 
zeros, counting multiplicities, in (0, 21~). 
Proof. Assume first that f E A, is nonnegative and has 2r zeros, counting 
multiplicities, in (0,27r), with r < n. In view of the representation theorem for 
positive polynomials (see [2, p. 1951) th ere exist nonnegative nontrivial trigono- 
metric polynomials ur , u, such that f = u1 + ua . This implies that 
s 
2n 
0 
ul(t) dt < 02mf(t) dt 
s 
so that f cannot be minimal. Hence, an extremal function has exactly 2n zeros. 
Let now f(t) and g(t) be two extremal functions in /I,+. Then h(t) = 
[f(t) + g(t)]/2 is also extremal, and must possess 2n zeros. Since f and g are 
nonnegative, a zero of h is a zero off and g with (at least) the same multiplicity. 
It thus follows that f and g share the same 2n zeros. Since they also agree at t = 0, 
they must coincide. Hence the solution R, is unique. The uniqueness implies 
that RR,(271. - t) = R,(t), so that R, is indeed a cosine polynomial. 
PROPOSITION 3. We have 
(4 R2, = (P7d2, where P, E -4, , 
(b) R2m+l = ((1 + ~0s W) (Qm12, where Qm E A,. 
Proof. Consider n 3 2 and let i be a zero of R, , t # n. Then 277 - i is also 
a zero. Since both are even-order zeros, R, has the factor 
t-f 
sin2 - sin2 
t - (27r - i) 
2 2 . 
Obvious simplifications reduce this factor to (cos i - cos t)2/4. Induction 
establishes part (a). For R2m+l , after dividing by C ny=, (cos t, - cos t)2, we 
are left with a first-degree polynomial v(t) with a double zero at t = rr and such 
that v(0) = 1. Thus v(t) = (1 + cos t)/2, and (b) is established. 
PROPOSITION 4. Let c,,~ denote the value of the least L,+-distortion for A, . 
Then 
1/P + 1) < c,,~ B l/n. 
Proof. For the left-hand inequality, we need only observe that if f E A,’ then 
f 2 < 1 f / . Hence, using Theorem 5, 
1 297 
c n,l = min _ 
f-L’ 2rr s 0 If (x)l dx > $n, & IVf2(x) dx = c”,,, = & . ” 
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On the other hand, 
Using now Proposition 3 and the fact that L$, C/K&+1 , we have 
< 
1 
cn.1 -.. min - O<fEA ’ z[fi/21 s 
2rrf(x) dx = min & J2*g2(x) dx = (c[~,~J,~)~ 
27r 0 gEAli[‘?tpl 0 
1 1 
= 2[?2/2] + 1 G n * 
Similar considerations yield: 
THEOREM 6. Let p 2 1. Then we have, 
(2n + l)-l’n < c,,2, < K-l/P, l<p<2 
(2np + l)-l’n < c,,, < ((np/2) + l)-l’p, 2 <p. 
It is noteworthy that the bounds on c,,~ , as given in Theorem 5 and 6, are of 
the order n-l/P, whereas the least L,,,- distortion for algebraic polynomials, 
given in [l], is of the order n-2/“. 
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